ON THE EQUATION Y©_ jFV = F{

ALAA ALTASSAN AND FLORIAN LUCA

ABSTRACT. In this paper, we show that the title equation, where Fy, is the
mth Fibonacci number, in positive integers (k,n,p,q) with k& > 1 entails
maX{h”ﬂP» q} S 102500'

Keywords: Fibonacci numbers, Exponential Diophantine Equations.
AMS Subject Clasification 2020: 11B39, 11D61.

1. INTRODUCTION

Let {F,}n>0 be the Fibonacci sequence given by Fy = 0, F; = 1 and the
recurrence Fy 1o = F, 41+ F, for all n > 0. A number of recent papers have studied
exponential diophantine equations involving Fibonacci numbers. For example, the
equation Fjy + F7, , = FY in positive integers n,m,z,y has been studied in [5],
[6] and [8]. The equation Fi +---+ F7, , | = Fy, in positive integers n, k,m,
has been studied in [7] while the equation Ff +---+F¥ | =F!  +.--+ F' in
positive integers n,r, k, ¢ has been studied in [2] and [3]. For all these equations,
all their positive integer solutions are now known. The title equation has been first
studied, to our knowledge, in the paper [10]. Since F; = F» = 1, the title equation
has the solutions (k,n,p,q) = (1,1,p,q), (1,2,p,q) (for any p and q), as well as
(2,4,p,1) for any p. We call such solutions trivial. From now on, we assume that
k > 3. In that paper the authors suggested the following conjecture:

Conjecture 1.1. The only nontrivial solutions of the title equation are given by
(k?n7p7q) = (3747 ]"2)’ (37473’3)’ (4787 ]" 1)'

In [1I0], the authors found all solutions when {p, ¢} C {1,2} by ad-hoc methods.
A general method to find all solutions of the title equation when p and ¢ are given
was proposed in [4]. As an application, the authors of [4] confirmed Conjecture
for the range of the exponents {p, ¢} C [1,10]. None of the above papers addressed
the question of whether the title equation has only finitely many positive integers
solutions and whether the current methods allow us to bound them or even compute
them. The aim of our paper is to prove that there are only finitely many effectively
computable solutions. Our concrete result is the following.

Theorem 1.1. The title equation has only finitely many positive integer solutions
(k,n,p,q) with k > 3. They all satisfy max{k,n,p,q} < 102590,

We made no efforts to try to reduce the above bound. In the last section of the
paper we explain why we believe that the computations are not feasible and that
new ideas will be required to confirm computationally Conjecture

Date: May 19, 2020.
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2. THE TOOLS

Most arguments on exponential diophantine equations go via some linear forms
in logarithms of algebraic numbers. We are no exception to this. So, let us recall
the terminology and the results we need.

Let n be an algebraic number of degree d with minimal primitive polynomial
over the integers

d
apz” + a1z - ag = ao [J(z — 1),
i=1

where the leading coefficient ag is positive and the n(Ys are the conjugates of 7.
Then the logarithmic height of 1 is given by

d
h(n) := 2 <log ag + Zlog (max{\n(i)|, 1})) .

In particular, if n = p/q is a rational number with ged(p,q) = 1 and ¢ > 0, then
h(n) = log max{|p|, ¢}. The following are some of the properties of the logarithmic
height function h(-), which will be used in this paper without reference:

hmy™t) < () + h(7),
(1) h(n+7) < h(n)+h(y) +log2,
h(n°) slh(n) (s €Z).
In order to prove our main result Theorem [I.1] we need to use six times a Baker—
type lower bound for a nonzero linear form in logarithms of algebraic numbers.

There are many such bounds the literature like that of Baker and Wiistholz from
[1]. We use the following one of Matveev from [9].

Theorem 2.1 (Matveev’s theorem). Let 7y1,...,v be positive real algebraic num-
bers in a real algebraic number field K of degree D, by,...,b; be nonzero integers,
and assume that

(2) A=ty = 1,

is nonzero. Then
log [A] > —1.4 x 30'3 x t*% x D*(1 +log D)(1 + log B) Ay - - - Ay,
where
B > max{|b1],. .., |bt|},
and
A; > max{Dh(v;),|log~|,0.16}, for all i=1,...,1t.

Above and anywhere else in the paper, log stands for the natural logarithm.

3. THE SET UP

Recall that the equation is

k
(3) > JFY =Ff.
j=1
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As we already mentioned, we take k > 3. Thus, n > 3 also holds. Put
k
(4) M:=) jFP=F! and X :=logM.
j=1

We want to bound X. We write

(0476) = <1+\/g 1_\/5>

2 72

2

for the roots of the characteristic equation = — x — 1 of the Fibonacci sequence.

Then it is well-known that
¢ ne
F=2 g holds for all ¢ > 0.

o —

This is sometimes referred to as the Binet formula. We also use the fact that the
inequalities

(5) 056_2 < FZ < O/—l

hold for all £ > 1. At one point we will need the companion Lucas sequence {L;}¢>0
given by Lo =2, Ly =1 and Lyyo = Ly11 + Ly for all £ > 0. It satisfies

Lg<2£

for all £ > 1.

4. THE SIZES OF kp VERSUS ng

Lemma 4.1. We have
(6) 107'X < kp < 10X and 107'X < ng < 10X.
Proof. We have

k k— .
(a*P)p < (@F 2P < FP < M;
k
M < k() Fj)P < k(Frp2)’ < k(aFT)P < alkthptslosk o o5kr,
j=1

In the above, we used the identity
Fi+Fy+ -+ Fp=Frys— 1 < Fypo.
Since 1/loga € (2,3), it follows that
kp/3 <3M and 2M < 5kp,
which gives the desired bounds for kp versus M. Similarly,
(@)1 < (") < FI=M < (o) < o™,

so ng/3 < 3M and 2M < ngq, which gives the desired bounds for nq versus M. O
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5. THE LINEAR FORMS

Our proof exploits five linear forms in logarithms together with their lower
bounds (by linear forms in logarithms) provided that they are nonzero:

(7)
r, = kF,an_q —1; log|Ty] > —cikn(log 10X)2;
Ty = kEfa—"0/5" — 1 logTa| > —ck(log 10X)%;
T, = P (k+1) (%) Fra—1; log|Ts] > —cipn(log10X)?%;
Ty = (’“?—Z;ﬁ’i)*z”) laPZapttt=an —1; og|Ty| > —cip(log 10X)*;
rs = kakp—an5(a=p)/2 _ 1. log|Ts| > —c1(log10X)2.

We will justify the fact that they are non-zero later. For now, let us assume that
they are. The inequalities above follow from Theorem [2.1] It remains to assign
some value for ¢;. Well, each of the forms above is of the form

I':= 'yi’l ~-~fyft -1
We explain the choices of ¢, v1,...,7,0b1, ..., b for each of the above forms as well
as upper bounds on the heights of the numbers 1, ...,7;. For I'y, we have
t:=3, y1: =k, y2:=F, v3:=F,, by:=1, by :=p, b3 :=—q.
Then
B := max{|b;|} < 10X

by Lemma [£.1] This inequality is true for all of the above five forms except for I's
and Iy, where p(k + 1) < 2pk < 20X. Furthermore,

h(y) =logk < log(10X), h(y2) = log Fy, < 0.5k, h(vys) =log F,, < 0.5n.

For I'y, we have t := 4 and

7= ka Y2 = Fk7 V3= Q, Y4 = \/57 bl = 17 b2 =D b3 = —ng, b4 =q.
Here, h(v1) < log(10X), h(vy2) < 0.5k, h(ys) < 1, h(ys4) < 1. For I's, we have
t:=3 and

o ko —(k+1)

1= o Y2 = ma
Here, as we said, we take B := 20X, and we have h(y1) < 1, h(y3) < 0.5n. The
only one that needs justification is the bound on h(~2) which is, by the properties
of the heights ,

h(v2) < h(ka? — (k+ 1))+ 2h(aP — 1) + h(5"/?)

h(k) + ph(a) + h(k + 1) + 2h(aP) + ph(5'/?) + 3log 2
(3loga/2)p + 2log k + 4log 2 < 10p(log 10X).

V3 :=Fp, by :i=pk+1), y2:=1, v3:= —q.

<
<

For 'y, we have t := 3 and
_ ka? —(k+1)
G

and for I's, we have

Y1t y V2 ::\/57 V3 = Q, bl ::]—7 b2 =q—Dp, b3 :p(k+1)7qn7

t:=3 =k ye=av:=V5 b =1, by:=kp—qn, by :=q—p.
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All actions are happening inside the quadratic field K := Q[v/5], which has degree
D = 2. If the linear form involves some v € {a,+/5} (numbers of heights smaller
than 1), we then take the corresponding A to be 2. If the form involves v = k,
we take the corresponding A to be 2log(10X). If the form involves Fj and F,,, we
take the corresponding A to be k and n, respectively. Finally, if the form involves
the number 5 of I's, we take A to be 20plog(10X). As for B, we have that the
inequality 1+ log B < 1+ log(20X) < 21log(10X) works for all five forms. It then
follows that a uniform ¢; that works for all forms can be taken to be, by Theorem
2] an upper bound for

1.4 x 303 x 4% x 2% x (1 +1log2) x 2 x 20 x 22,
so we take ¢; := 10'7. We record this as a lemma.

Lemma 5.1. For any ¢ =1,...,5, the inequality shown in Table holds for T';
with ¢1 := 10'7 assuming that T; # 0.

6. THE NONVANISHING OF THE FIRST 4 FORMS

It is easy to see that I'y, I's are nonzero. Indeed, since
k—1
Zijk = —(kFy — F)
j=1

and k > 1, it follows that I'y < 0. If Ty = 0, then a®" = (kFF)*5"7 € Q, a
contradiction.
For I's, assuming that it is zero, we get

ka? — (k+1) = FIA,5P/2q Pk+D),
Taking norms in Q[v/5], we get
|(=1)P — L, + 1)k? + (2 — L)k + 1| = F295P|(—1)P — L, + 1].
For p even, we get
(8) \(Lp — 2)k* + (L — 2)k — 1| = F295°|L, — 2|.
The case L, — 2 = 0 is impossible since it leads to 1 = 0. Thus, both sides above
are nonzero. If p is odd, we get
(9) |Lpk? + (L — 2)k — 1| = F295P L2,

and again both sides are nonzero. We thus get from and @D according to
whether p is even or odd, respectively, that

30
X < 10ng= <1> q(n/3)loga < 100¢(n — 2)log a < log F21
og «
< |log(Lyk?)| <log L, + 2logk < p + 2logk
10 = 2log(10X)
X[ = 422
< x (10, 2eution)),

SO

10 2log(10X)
1< — 4252
<+ %

Assuming that X > 10'°, it follows that
(10) k < 10.
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Finally, if 'y = 0, then
ka? — (k+1) = 5(1)711)/2Azoéqnfzo(lﬁrl)7
which upon taking norms becomes
[(—1)P = Ly + Dk + (2 = L)k + 1] = 5~ 9((~1)” — L, + 1)

These equations have been solved in [4] and they have no solutions with k > 3. So,
we record what we have proved.

Lemma 6.1. Ifk > 3, the formsT'y, T's, Ty are nonzero. Furthermore, if X > 1010
and I's = 0, then k < 10.

7. THE TERMINOLOGY

Definition. We say that

()

is “expandable”, if the right parenthesis above satisfies

—_1)ym J 1
(11) <1+(042) > =1+ (jm, with |§j,m|<7~

m al.Sm

Lemma 7.1. If & > 0 is any constant and j < m", then estimate above holds
provided m > ¢y := ca(k), where ca(k) is such that

2m” < %™ holds for all m > ca(k).

Proof. Suppose that m is even. Then

(™)’ 1’ j 2
1+ -— <|\1+ =) <exp| 5~ | <1+ -,
a=m a=m a=m a=m

provided j/a*™ < 1/2. Thus, we need 2j/a®™ < 1/a'5m, or 2j < 5™ so
2m* < a%5™ which clearly holds for m > ca(k). A similar argument works for m
odd. O

8. THE STRATEGY

We will start with the linear form I'; which is small. We look for positive
constants k1, kg, k3 all smaller than 1 such that

E>X" p>X™, n>X",

for X > X,. For this subsection we shall ignore the implied constants (but we
will make them explicit when time comes) and we use the Vinogradov symbols >
and <. If we succeed say first that £ > X", it then follows, by Lemma that
p<L Xk X < E(=r1)/r1 50, by Lemma F? is expandable. This allows
us to transform first I'y into I's. If this further allows us to conclude that also
n > X"3 then the same argument based on Lemma[4.1]and Lemma[7.1] shows that
< X/n< X7 <« n(1=r3)/53 which allows us to further transform I'y into I's
and T's into T'y. At each stage we need to worry about whether I'; # 0, but we
already showed that this is the case for i = 1,2,4 and if I's = 0, then X" < k <10
already gives a bound on X. At each stage, we will have bounds of the form

(12) log || < —a,
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where a is one of the variables k,n,p,q. Comparing this with the corresponding
lower bound on log |T';| from the ith row and right—-most column of Table |Z|, we get
some upper bound on a in terms of some of the variables k,n,p,q. The goal is to
recursively get to I's which will then imply that a < (log10X)2. Assuming that
this last a satisfies a = min{p, k,n}, then a > X"* with k4 := min{k1, k2, K3}, so
we get a bound on X. There is still the possibility that I's is zero and taking care
of this eventuality requires quite a bit of work. To deal with this last situation, we
show that it leads to yet another (a sixth) linear form in logarithms of algebraic
numbers which is small and non-zero, so we can apply Theorem to it and get a
bound on X. So, now the plan is clear, let’s see the details.

9. THE VALUE OF K1

Lemma 9.1. We can take k1 = 1/4 for X > 1020,

Proof. We write X for some number increasing from one iteration to the next which
is a lower bound on X resulting from some inequality. At the end we collect the
largest X, that we have encountered along the way. We assume that & < X/ and
we search for an acceptable X(. From Lemma 4 in [4], we have that F;/F; 11 < 2/3
for all j > 2. In particular, Fj_;/F) < (2/3)7 for all j = 1,2,...,k — 2, while for
j = k — 1 this must be replaced by Fy/F}, < (2/3)*=2. Thus, in the left-hand side
of , we have

k—1 .
AN 1
— LEP J _ LP
(13) M =kF} 1+J§_1( : )( Fk) kE} (1+0<15p)>

The constant inside the O can be taken to be 6 since

> () () () =526
Fg:kF,f(1+o(115p>>

|(KEP)'FT — 1| < —

Thus,

which leads to
6
1.5¢°
The linear form on the left-hand side is the same as I'y, except that the exponents

are replaced by their negatives. This changes neither the conclusion that it is
non-zero nor its lower bound from Table [7] so we get

log|T'1| < —plog 1.5 + log 6,

which is inequality with ¢ = 1 and a := p. Comparing it with the right-most
entry of the first row in Table [7 we get

plog 1.5 —log6 < 10 "nk(log 10X)2.
Thus,

p< (10'"nk(log 10X)? + log 6) < 10'*nk(log 10X)>.

log 1.5
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Since n < 10X/q < 100kp/q by Lemma [4.1] we get p < 10%°(k?p)/q(log 10X)2,

which leads to

(14) q < 10k (log 10X)*.

Since we are assuming that k < X4, we get ¢ < 102°X/2(log 10X)?2. Thus,
n>10"1X/q> 10721 X2 /(log10X)? > X/3 provided X > X, := 10,

Thus, ¢ < 10X/n < 10X?/3 < 10n? < n?. Since n > X'/3 > 10 we have that
¢ < n3. Lemma shows that F}? is expandable for n > ng, where we can take ng
such that

2n3 < a%®  holds for all n > ng.

We can take ng := 100, and for us n > X'/3 > ng holds for X > X,. Thus, for

X > Xy, we have
Merpi= (1oL
" 5a/2 + am ’

and the constant inside the O can be taken to be 1. Hence,

(15) kF,f(1+O(L1517)>=M:;TZ<1+O<;n>).

The constants in both O above can be taken to be 6. Note that p > 100. Indeed,
if not then

100 > p > 1071 X /k > 1071 x%/4,
which gives X < 10, a contradiction. Since p and n are both large, both terms
involving O are at most 1/2 in absolute values in so the cofactors of kF} and
a™/54/2 are all in [1/2,3/2]. Thus, the ratio of these two numbers is in [1/3,3].
After some rearranging and using the fact that a > 1.5, it leads to

24
D —Na5a/2 _ -
|kF, o™ ™5 1] < T Eminipn]
We recognise that the above inequality is

IOg |F2| < = min{p, 77,},

which is estimate with ¢ = 2 and @ := min{p,n}. Thus, by looking at the
right-most column in the second row of the Table[7] we get

—min{p,n}log(1.5) + log 24 < 10*"k(log 10X)?,

SO

(16) "< 13 (10"k(log 10X)? + log 24) < 10"k (log 10X)2.
Assume that a = n. Then

(17) n < 10%k(log 10X)2.

Multiplying and , we get
1071 X < ng < 10%k*(log 10X)* < 103 X3/4(log 10X)*.
Thus,
XY* <10 (log10X)4, so X < X := 102,
Assume next that a = p. Then estimate tells us that

p < 10'8k(log X)2.
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Since p > 107'X/k by Lemma [4.1] we get
1071 X/k < p < 10'¥k(log 10X)2,  therefore k> 1071°X1/2/(log 10X).
Since k < X174 we get X1/* < 10'%(log 10X ), which leads to X < 10°°, a contra-
diction. This finishes the proof of this lemma. [
10. THE VALUE OF Ko
Lemma 10.1. We can take ko = 1/9 for X > 10200,

Proof. We follow the same convention about Xy as in Lemma[0.1] We assume that
p < XY9 We use Lemma and Lemma [7.1| to conclude that F f is expandable
for all j > ¢:= |k/2| + 1(> 2). Indeed, for us,

p < 10X /k < 10k = 80(k/2)® < (k/2)*,

since k/2 > (1/2)XY* > 80 for X > 10?°°. Thus, it suffices, by Lemma that
K/2 > ca(4), where co(4) is such that

2nt < o™ holds for all n > cy(4),

and we can take c2(4) := 100, which is acceptable since k/2 > 0. 5X1/4 c2(4).

Thus,
ali 1 )
FY = =2 ( +O( k/2>) for j e[l k]

The constant inside O can be taken to be 1. Hence,

M = Z]FP+Z]FP51+SQ(1+ ,5/2> I¢] < 1.

j<t—1 j=L

Note that
-2 .
0—1—34\ (Fizi;\"
= J(F? 1 J
S1 -1 —|—jz_:1< 71 )( F )

< TkFP | < Tha"=2P < 7 k=202 = 7\ (KFP)Y? < 7(kM)Y? <

10M
ak/z”

The above inequality follows since M > kFy, > a~2(ka*) > (0.7)%(ka*). Further-
more,

- al” 1 - Jp
So= Xgn=mn e

j=L j=L

aP k ) —1 )
= oz D eyt =Y (ary

j=1 j=1
_aP (k aFtr (L4 Dakf? 41 (0 —1)a? — Lal=DP 41
o 5p/2 (ar —1)2 ; (aP —1)2
P kaFHDP (k4 1)akP 1 1

_ o « (k+1a 140 Lo

5p/2 (ap — 1)2 kp alk—0p

= T ().
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In the above, we used that
ka0 (k4 1)ak? = kaFP(a? — (k +1)/k) > ko (o — 4/3) > (k/4)a*P

for all p > 1 and k > 3. Thus, since |(£—1)a? —a*=P 41| < £a’P, it follows that
the constant inside the first O in can be taken to be 4. Thus, the constant in
the second O can be taken to be 10. Hence,

S, — aF VP (ka? — (k4 1)) <1 Lo (1>) '

5P/2(ap — 1)2 ak/2

It thus follows that

M:0< M )+ oM (ko — (k + 1)) <1+0<1>>,

ok/2 50/2(ap — 1)2 ok/2

where the constant in both O can be taken to be 10. Since k is large it is now clear
that the first term above can also be absorbed into the error term. Thus,

19) N aFHDP (kP — (k4 1)) (1 Lo ( 1 )) ’

50/2(ap — 1)2 ak/?

where the constant in the last O can be taken to be 30. Consequently, our equation

is
a(k—i—l)p(kap —(k+1)) (1 Lo <1)) _

5p/2(ap —1)2 ak/2
Since the factor involving O is in (1/2,3/2), by rearranging, it gives
(k-‘rl)p (kap — (k + 1)) —q _ _ 1
* ( @ -1 ) T 0\en )

where the constant in the last O can be taken to be 100. In the left—hand side of
, we recognise I's, which we may assume that it is nonzero by Lemma for
X > X, since k > X'/* > 10. Thus,

(20)

log T3] < —k,

so we have inequality for i = 3 and a := k. Looking in the appropriate entry
in the Table m we get from estimate and the fact that the constant in its O
can be taken to be 100 that

(21) (k/2)log a —log 100 < 10*"pn(log 10X)2.
Thus,

k< (10'"pn(log 10X)? + log 100) < 10'*pn(log 10X)>.

log o
Since p < X/? and k > X1/4, it follows that

n > 1078 (k/(p(log 10X)?) > 107 B X/4=1/9 /(1og 10X)? > X1/8 X > X := 1020,
We now use Lemma to conclude that F}? is expandable. That is,

q <10X/n < 10n” <n® since n > Xé/g > 10,

so we want that n > ¢2(8), where c2(8) is such that

2n® < o™ holds for n > cz(8).
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Since we can take c2(8) := 100 and n > 100, we conclude that indeed F is expand-
able. Thus,

aFHP (kP — (k4 1)) 1 a™ 1
M= e (40 (@) =5 (o ()

The constant in both O can be taken to be 30. Rearranging the above equality we

get
p(k+1)—qn M (a=p)/2 _ 1| = 1
@ < 5p/2(aqp — 1)2 5 1)=0 amin{k/2,n} |’

where the constant in the last O can be taken to be 100. In the left—hand side, we
recognise I'y, which we proved that it is nonzero. Thus, this gives

(22)

log |T'4| < —min{k/2,n}.

This is inequality with i = 4 and a := min{k/2,n}. Let us put some numbers
in it. Looking at the appropriate entry in Table |7 we get

alog o — log < p(log .
23 1 log 100 < 10*"p(log 10X )?
This implies
1
(24) a< oga (10'p(log 10X)? + log 100) < 10"¥p(log 10X)>.

If a = k/2, then
k< 2x10%p(log10X)? < 10p(log 10X)2.
Since k > 1071 X/p by Lemma we get
X/p <10%p(log10X)?,  therefore p > 10719X/2/(log 10X).

Since we assumed that p < X'/ we get X9 > 107'19X'/2/(log 10X), which
implies X < 10°0, which is false. If a = n, we get

(25) n < 10'¥p(log 10X)2.
Inserting into (21)) and using Lemma we get
XY* <k <10%pn(log10X)? < 10%6p?(log 10X)* < 10%6X%/?(log 10X )4,

which gives X < 101990 a contradiction. This finishes the proof of this lemma. [
11. THE VALUE OF k3

Lemma 11.1. We have k3 = 1/10 for X > 10?499,

Proof. We return to estimates to estimates , use Lemma and the fact that
F? is expandable. Indeed, for this note that

p < 10X/k < 10k < k*,

and one checks that k& > ¢3(4) in our range for k > Xé/ *. Thus, we get that
1 kaPk 1 1
D - _ i _
it (100(15)) = 5 (10 () (o (1)
kaPk 1
T (1 O (1,5min{p,k})> '

M
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The constant inside the O can be taken to be 3. Thus, equation is

kaPk 1
— q
” o (1o (k) = 5

and can be rewritten as

1
pke—p/2 17—q _
|kOé 5 Fn — 1| =0 (15 in{p,k}) ’

where the constant inside the last O can be taken to be 10. In the left, we recognise
I'5. Since I's # 0, we get
log |T'2| < — min{p, k},

which is inequality with @ := min{p, k}. Looking in the appropriate entry in
Table[7] we get that

log 1.5min{p, k} — log 10 < 10'"n(log 10X)?,
which implies, by arguments used before, that
min{p, k} < 10"®n(log 10X)>.
Since min{p, k} > X/9 by Lemmas and we get
n>10"1XY9/(1og10X)? > X0 for X > 10%%.

12. THE CASE WHEN I's # 0
Lemma 12.1. We have X < 10%*%° provided I's # 0.

Proof. Assume X > 1049, By Lemma F7 is also expandable. Indeed we
can check easily that ¢ < 10X/n < 10n° < n'% and n > ¢2(10) in our range. So,

equation is

kakp 1 am 1
. q __ -
e <1 +0 <1.5mm{pyk}>> ~ = (1 +0 <a>) |

The constants inside both O can be taken to be 10. This can be rearranged as

1
pk—qne(q—p)/2 _ 1| —
|k 5 1]1=0 (1'5min{k7n7p}> ,

where the constant inside the last O can be taken to be 100. In the left-hand side,
we recognise I's which we assume it is nonzero. Thus,

log |T's| < —min{k, n,p}.
This is estimate with a := min{k, p,n}. Looking at the appropriate entry in
Table (@, we have
log 1.5 min{k,n, p} — log 100 < 10*"(log 10X)?,
which implies
min{k,n,p} < 10*¥(log 10X)2.
Since the left-hand side above is > X'/1° by Lemmas and we get

X110 < 10'8(log 10X)2, which gives X < 10%°° a contradiction with X > 102499,
[
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13. THE CASE WHEN I's =0
Lemma 13.1. IfT's = 0, then X < 102499,

Before giving the proof, note that this finishes the proof of our theorem since by
Lemma [4.1] we have max{k,n,p, ¢} < 10X < 102,

Proof. This is messy. We write X := 10?4%°. The condition that I's = 0 implies
the equality a*P~"7 = (5(P=9/2 /k). Squaring this we get o?(FP~n0) = 51 /k2 c Q.
The only possibility is that both sides of the above equality are 1. Thus, kp = ng
and k = 5(P~9/2 In particular, p > ¢, p — ¢ is even and p — ¢ = O(log(10X)),
where the constant in the O can be taken to be 10. We look at secondary terms.
We have

k-1 Fk,1 P Fk72 P
M = EkFP(14+ ——
P () o (B
kakp (=1)*\" k-1 1\\? 1
kakp p(—1)F 1 (k—1) 1 1
= o (1+ i +O<a%>> <1+ — 0| o t o
kaPk p(—1)* k-1 1 1 1
T w2 (1 T T e PO\ e T ) )
By previous arguments (see Lemma , the constant in the first O above can be
taken to be 10. In the second row of the above estimates, the constants inside the
O can again be taken to be 10 (here we use that F}, > af72 = aad? ™2 > aF,_»)

as well as on the third row above, so in the last O they can be chosen to be 25.
Working on the other side of the equation, we have

R (1 C)

5a/2 a?2n
_ oo (=D"q 1
© 5a/2 (1 T a2n +0 (O;m>> ’

where the constant inside this O can be chosen to be 10 as well. Since we have that
ka’? /5P/2 = 09/59/2 we may cancel these multiplicative factors and get

p(-1)F (k=1 q(=1)" _ (1 1 1,1
(27) a2k + kaP  a2n =0 @+ap+1.5k+ﬁ+ﬁ :

We need to look at the spacing between p, 2k, 2n. The three terms above are all
of the form exp(O(log 10X))/at, where t € {p,2k,2n} and the constant inside this
O is 1. Let a := min{p, 2k, 2n} and let b > a be the next number in {p, 2k, 2n}. If
b—a > Cqlog X with a sufficiently large constant C7, we get a contradiction. Let
us compute C. Say a = p. We then get

k—1 1 1 1 1 1 1
7]{5&1} S exp((log 1OX) <a2" + 052k> + O (OéQp + 704p+1'5k + ﬁ + Oé?’k> .
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Multiplying by of, we get

2 L -
(28) 3 < exp((log 10X)) <a2np T W)

oL . 1 1
+ —t ot )

Let Cy be the constant implied by the above O. Assume that p is in such a way
that 2n —p > 3C1log X and 2k —p > 3C1 log X. Then the first term above is
20X 20 20

1
< aCrlog X = X Ci(logad-1) < } < i’

for X > X, provided we choose C; := 3, since 3(loga® — 1) > 1. The last term
inside the O on the right-hand side of estimate is even smaller (much smaller
than 1/4). The same argument works if a = 2k or ¢ = 2n. This shows that the
smallest of p, 2k, 2n must be at distance at most 3log X < 10log(10X) of the next
largest one.

We distinguish 3 cases:

Case 1. p — 2k = O(log(10X)). Since p — ¢ = O(log(10X)), we have that
q—2k=(q—p)+ (p—2k) = O(log X). The constant in the last O is 20. Thus,

pk ok (2k + O(log(10X)))
g  2k+O(log(10X))

- (1202 (104
~ (1o ()

= 2k+ O(log(10X)).

2n =

The constant in the last O above can be taken to be 100. In the above, we used
Lemmato the effect that k > X1/ to conclude that log X/k < log X/X/* is a
very small number for X > Xy. Thus,

p=2k+u, q=2k+v, 2n=2k+ w, max{|ul, |v], Jw|} = O(log(10X)).
The constant inside this O is 100. Since 2pk = 2nq, we get
(2k + u)2k = (2k +v)(2k + w), S0 2k(u — v — w) = vw.

If u—v—w# 0, then vw # 0. In this case, k | vw and k < |vw]|. Since k > X1/4,
it follows that X/* < k < |uv| < 10*(log(10X))?, which is impossible for X > Xj.
Thus, for X > Xy, we must have u = v + w so vw = 0, therefore v = 0 or w = 0.
This shows that either n = k or ¢ = 2k. If n = k, we get p = ¢, but in this case the
left—-hand side of is

> kFP = kF1 > F2,
a contradiction. Thus, ¢ = 2k and from pk = gn, we get p = 2n. Further,

2n — 2k = p—q = O(log(10X)), where again the constant inside O can be taken to
be 100.
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Case 2. p —2n = O(log(10X)). Since p — ¢ = O(log(10X)), we get that

q — 2n = O(log(10X)). The constant inside the last O is 20. Thus,
ok — (2n)q (2n+0(10g(10X)))
= Ty " 2n 1 0log(10X))

VA
- a(iso(t0)

= 2n+ O(log(10X)).

The constant inside the last O can be taken to be 100. So, 2n — 2k = O(log(10X)),
which implies p — 2k = O(log X). The constant inside this last O can be taken
to be 200. So, this case leads to the same conclusion as the previous one up to a
slightly worse constant inside the O.

Case 3. 2n —2k = O(log(10X)). In all Cases 1,2,3 we got that their hypothesis
implied that 2n — 2k = O(log(10X)) with the constant inside the O being at most
200. In the first cases, we also know that p — 2n = O(log(10X)) as well, but not
necessarily in the third case. Well, let us show that this must be so in Case 3 as
well. Assume |p — 2n| > 1000log X. Recall that we cannot have that p is the
smallest of all three numbers in this case. So, in fact it must be the case that p is
the largest of 2k, 2n, p. In the left—hand side of equation , we move the term
corresponding to p to the right—hand side. Assuming say k < n, we get

p(=Dka2n=2k —g(—1)"  —(k—1) 1 1 1 1
o = o 9\ttt o)

As we said, the constant inside the above O can be taken to be 25. The number
in the left-hand side is not zero since a?”~2* is not rational. The numerator is a
quadratic integer in Q[v/5] so its norm is > 1. Thus,

[(=1)*pa® ™28 — g(=1)"[|(=1)*pB*" " —q| > 1.

(29)

This shows that
[(=1)"pa®" =% — ¢(=1)"| > exp(—log(10X)).
In the above, we used that
[(—=1)kpp? 2% —¢| < p+q < 10X(1/k+1/n) < 10X.

With the previous argument, it follows that if the inequality p — 2n > 101og(10X)
holds, then we would get

1 1 0 1 1 1 1
10X < (10X )10(log a®—1) T aP—2n)+p + o(2k—2n)+1.5k T an T ak+(2k—2n) |’

and 10(log a® — 1) > 4, so the first term of the above inequality is < 1/(20X). We
thus get that

1 1 1 1
20X <100 (a(p—Zn)—i—p + (2k—2n)+1.5k + an + ak+(2k—2n)> ’
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Since k > X'/* and |2n —2k| < 101og(10X), we get that the minimum of the above
exponents is at least as large as min{k/2,n} > X/19 so we get

XY1000g o < log(800X),

which is of course false for X > Xy. The same argument works when k& > n.
Thus, it must be the case that even when the first (smallest) two numbers among
{p,2n, 2k} are 2k and 2n, we also have p — 2n = O(log X), where the constant
inside this last O can be taken to be 1000. Up to the constant inside the O, this is
in fact one of the Cases 1 or 2. Hence, all assumptions and conclusions from Cases
1, 2, 3 simultaneously hold with the constant inside all O being 1000, and in this
case we saw that we must have p = 2n, 2n — 2k =p — ¢ > 0 for X > Xg. In this
final situation, the left—hand side of equation is

(k= 1)/k +a?= 2" (~ 1)} (pa? =2 — g(~1)")

oP

and the above expression is nonzero since (k — 1)/k is not an algebraic integer.
Thus,

(k= 1)/k 1= (=D (k/(k = 1) a? 72" (p(=1)" "2 — g(=1)")|

1 1 1
< 100 (ap-i-O(log(lOX) + ok +0(log(10X) + an—i—O(log(lOX))) :

All the constants inside the three exponents above are at most 1000. We know
that min{p, k,n} > X/1%. We need a lower bound on the left-hand side above.
Here is our new linear forms in logarithms, namely I'g. It is a linear form in ¢ := 3
logarithms with

(717’727’73,b1,b2ab3) = ((—1)]971]{}/(147—1),0[7 (_1)ktpa2n72k_q(_1)n7 _lap_Qna 1)

It is not zero since (k — 1)/k is not an algebraic integer. Furthermore, we have
that h(v1) < logk < log(10X), h(v2) < 0.5 Clearly, we can take B := 10X. As for
h(vy3), we have

h(y3) < logp+logq+ |p — 2n|h(a) +log2 < 10% log(10X).

Thus,

log |Tg| > —c3(log(10X))?,
where we can take c3 an upper bound for

1.4 x 30313 x 3% x 22 x (1 +1log2) x 22 x 2 x 10°.
So, we can take c3 := ¢; = 107, and we then get that
(min{p/2, k/2,n/2} — 10001og(10X))log a — log(300) < 10'7(log 10X))? + log 2.

The last log2 comes as an upper bound of log(k/(k — 1)). Since we know that
min{p/2,k/2,n/2} > 0.5X/10 we get

1
0.5X1/10 < 1 (10" (log 10X )? + log(600))+1000 log(10X) < 5x10'7 (log(10X))?,

og o

so X110 < 10'%(log(10X))?, which is impossible for X > X. This finishes the
proof. O
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14. COMMENTS ON COMPUTATIONS

We did not make any attempts to reduce the bounds. However, we believe new
ideas will be needed to lower the bounds to the range where one can just enumerate
the solutions. Indeed, in order to reduce the variables, in the most fortunate case
where I's # 0, one is lead to a final inequality of the type
(30) |zlog a — ylog 512 + log k| < exp{—dz},
where

(.T, Y, Z) = (kp —qn,q —p, min{kap7 q})a

and § > 0 in is some small number. At this step, one applies a reduction
method due to Baker and Davenport which only requires bounds on the variables
x and y and returns a reasonably small value on z. However, in order for that to
work, k£ has be to be known. Our k is known in the sense that it is bounded but
the bound on it is astronomical. Thus, one cannot hope to completely solve the
given equation unless one can come up with some reasonable small bounds on k
(say 10'°), which our current method cannot provide.
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